A graphical representation of general non-absorbing polarization devices operating under normal plane-wave incidence is presented. The representation is based on a four-dimensional spherical parametrization of the Jones matrix of this kind of polarization devices. The graphical representation takes the form of a solid cylinder. The projection of the point representing the device over the base of the cylinder gives the corresponding polarization eigenvectors represented in the complex plane, while the height of the point in the cylinder is the phase of its eigenvalue. Some simple examples like wave-plates and rotators are discussed. The representation may represent a useful tool to identify the operation regimes of polarization modifying elements, for instance electro-optic devices. In this sense, the representation is also applied to the case of a twisted nematic liquid crystal display. q
Introduction
Polarization devices have been widely used as a tool for generation, analysis and modulation of tow x tally polarized light 1-3 . Their mathematical description depends on the way that light polarization is described. The usual methods are by means of Jones vectors or Stokes parameters, the latter being capable to describe also partially polarized and unpo-( )plane-wave incidence. This definition includes simple devices like wave-plates and polarization rotators, and any combination of these elements. The graphical representation takes the form of a solid cylinder. It can be a useful tool to identify the operation mode when the device depends on a exter-Ž nal parameter typically an external voltage in elec-. tro-optic displays . For instance liquid crystal dis-Ž . plays LCD's can be also represented in the cylinder since they may be regarded as a stack of anysotropic w x wave-plate layers 4, 5 The plan of this paper is the following. In Section 2 we describe a general four-dimensional Cartesian parametrization of the matrix representing the nonabsorbing polarization devices in Jones formalism, as well as some of its general properties. In Section 3, after a change to spherical variables, eigenvectors and eigenvalues of this matrix are presented. This is used to represent polarization devices in a solid cylinder in Section 4. Section 5 presents the loci in this cylinder corresponding to symmetry properties of reciprocal polarization devices previously anaw x lyzed in Ref. 6 . In Section 6 we address the representation of simple polarization devices, like waveplates, rotators and a combination of a centered wave-plate and a 90 degrees rotation. This last example represents the limit of operation of large birew x fringence for a 90-twist LCD 4,5 . This device is analyzed in detail in Section 7.
Cartesian parametrization of non-absorbing polarization devices
Assuming Jones formalism, outgoing light from a polarization device is represented by a 2 = 1 com- 
necessary that 2 b X s 2 b q 2 k p, for k any integer number. This means that the original parametrization of M is determined up to a minus sign: 
Spherical parametrization of non-absorbing polarization devices
Ž . Since only three parameters of X, Y, Z, W in Ž . Eq. 2 are independent, we seek for a three dimensional graphical representation of the device. An immediate idea consists in representing the device inside a three-dimensional solid sphere with a variable radius, for instance 1 y W 2 . However, this representation does not give an easy identification of the Ž eigenstates of the device i.e., the incident polariza-. tion states that leave the device without change . The determination of the eigenstates of the device can be useful to optimize modulation properties of electrow x optical displays 10,11 .
Thus, we use a more convenient representation based on four-dimensional spherical coordinates. This will allow to parametrize the M matrices in a form directly related to the Jones vector of the polarization eigenstates of the device, and represent them in a solid cylinder as it is described in the next section.
Ž . Since the four parameters X, Y, Z, W vary in w x the range y1,q 1 we can set: 
where arg stands for the argument of the complex number. Therefore, with this notation, polarization devices are represented by three angles. Another parametrization of this kind was used in the early literature of w x the subject 12 . In that work, theorem I states that the matrix M of a general non-absorbing polarization device can be represented as a combination of two rotators of angles u and u , represented by matrices plate introducing a phase-shift d which is centered in the laboratory frame, represented by the matrix
This three-angle parametrization is different from the spherical parametrization presented here, which is adapted to the description of the polarization eigenstates and eigenvalues. The calculation of the eigenvectors of a polarizaw x tion device has been extensively published 2-4,11 . In the case of a non-absorbing polarization device, the eigenvectors of the matrix M can be calculated ( )Ž . from Eq. 2 . In terms of the spherical angles, the ratios between the complex amplitudes E and E of x y " w x the eigenvectors V take the following form 7
Ž . Once the eigenvalues and eigenvectors are known, the original matrix M can be recovered by a simple change of basis: Ž .
where
Ž .
Solid cylinder representation
The complex plane is a useful graphical representation for completely polarized light, directly related w x to the Jones vectors 1 . The state of polarization is characterized by a complex number equal to the ratio between the complex amplitudes of the Jones vector z s E rE . Points lying in the pure imaginary axis y x correspond to elliptical states where the major and minor axes of the ellipse are parallel to the coordinate system axes. Points lying in the pure real axis correspond to linearly polarized light. In particular the origin of the complex plane represents linear polarized light oriented in x direction, while the infinity corresponds to linear polarized light oriented in y direction. Finally, those points located in the unitary radius circle are polarized states where the amplitudes in x and y direction have the same modulus. Ž The representation of the two eigenstates Eqs. Ž .
Ž .. 9a and 9b in the complex plane is shown in Fig.  1 and yf q p. These values are chosen in order to 1 w x be in the range yp,p . Then, it is straightforward to notice that there exists at least one point in the solid cylinder with unit radius and height p. This single point in this cylinder contains the information necessary to reconstruct the Jones matrix for the device, up to a global phase. The projection over the base of the cylinder yields one eigenvector, so that it is a direct task to compute the orthogonal state, which is the other eigenvector of the device. Up to a global minus sign, the eigenvalue of the first eigenvector is dictated by the height of the representative point. The eigenvalue of the second eigenvector is the complex conjugated phase. This procedure yields one of the two possibilities for the matrix M, which Ž are equivalent up to a global phase shift see Eq. Ž .. 3 . Fig. 2b shows the scheme of the resulting representation.
Some identifications of the representative points occur in the borders of the cylinder. In the limit case when both eigenvectors lie in the unitary circle, two points in the surface of the cylinder represent the same device, corresponding to heights f and p y Notice that the proposed representation identifies directly the form of the eigenstates in the complex plane, which is a natural way of representation of polarization states when they are expressed in Jones matrix formalism.
Loci associated to symmetry properties of reciprocal devices
Additional properties can be discussed if we assume that M represents a reciprocal device. In Ref.
d w x 2 Brosseau defines a reciprocal device as an optical system which satisfies the principle of reciprocity. It states that the input and output of any linear passive optical system can be interchanged without altering the response of the optical system. Optical reciprocity can be applied to obtain some general properties w x of the Jones matrix 13 . In order to do that, it is necessary to provide a relation between the action of the device under direct and backward illumination. Ž . tion 13 , can be used to deduce the cancellation of Ž .w x some of the parameters X, Y, Z, W 6 , a fact that reflects a symmetry property of the display. The cancellation of one of these parameters defines particular regions on the cylinder, and they can be summaryzed as follows:
1. If the response of the device under inverse illumination is exactly equal to the response under direct illumination, then W s 0 and consequently f s 0 if Z ) 0, or f s p if Z -0. These devices 3 3 Ž . are represented in the cylinder by the plane Re z s 0 and the corresponding eigenvectors are always ellipses with axes centered on the coordinate axis.
2. If the response of the device under inverse illumination is equal to the response under direct illumination, up to inversion in one of the two transverse axes, then Z s 0 and consequently f s 3. If the response of the device under inverse illumination is equal to the response under direct illumination, up to a rotation of "90 degrees, then < " < Y s 0. Consequently, f s pr2 and thus z s 1, 2 so that the devices lie in the surface of the cylinder. The eigenstates have the same modulus in x and y directions. Fig. 3a-Fig. 3c show the representation in the cylinder of the regions corresponding to symmetry properties 1, 2 and 3 respectively.
Examples
In this section we analyze some well known polarization devices and their representation in the cylinder.
Rotators
As a first example, we will consider a rotator of angle u, whose Jones matrix is:
This is an example of reciprocal device that verifies property 1. In this case, the parameters for the < " < representation are f s u , z s 1 and f s 0 if 1 3 sin u -0, or f s p if sin u ) 0. Fig. 4 shows the 3 Ž . Ž . Ž . Fig. 3 . a Devices verifying symmetry property 1, b Devices verifying symmetry property 2, c Devices verifying symmetry property 3. points in the cylinder representing a rotator characterized by a rotation angle u , taking values from u s 0 up to u s p. Notice that, since we have allowed to factor out a minus sign, a rotation in the w x range p,2 p is equivalent to another rotation in the w x range 0,p . As expected, the projection over the complex plane give the L-and R-circular polarized eigenstates. Because the points lie in the border of the cylinder, two points represent the device. The continuous line in Fig. 4 corresponds to the eigenvalue with positive phase, while the dotted line corresponds to the one with negative phase.
WaÕeplates
The second example is a wave-plate that introduces a phase-shift d which is rotated an angle u with respect to the laboratory coordinate axis, Ž . w x M d,u . The corresponding Jones matrix is 1 :
This is a reciprocal revice verifying property 2. In < y < < Ž .< < q < < Ž .< this case f s dr2, z s tan u , z s 1r tan u 1 Ž . Ž . and f s pr2 if sin dr2 sin 2u -0, or f s 3 3 Ž . Ž . 3pr2 if sin dr2 sin 2u ) 0. The points represent-Ž . ing the device lie always in the plane Im z s 0 and consequently the eigenvectors are linearly polarized, corresponding to the directions of the neutral axes of the waveplate. The height over the base of the Ž . cylinder gives half the phase-shift dr2 and the distance from the center depends only on the angle u. In Fig. 5a and Fig. 5b we analyze the cases u s 0 and u s pr4, respectively, when the phase of the wave-plate changes from 0 to 2 p. In the first case Ž . Fig. 5a , the device follows the axis of the cylinder as the phase-shift increases. The projection gives always the origin of the complex plane, corresponding to a horizontal linearly polarized light. The second eigenvector is at infinity, corresponding to the vertical linearly polarized light. Fig. 5b shows the circuit for u s pr4. In this case the device follows Ž . the lines in the surface corresponding to Re z s "1. The projection on the complex plane gives the 
WaÕeplate plus a rotator
A third example consists in the combination of a centered wave-plate and a rotation of 90 degrees. It is given by the following matrix product
< " < Ž . In this case f s pr2, z s 1 and f s pr2 " 1 3 w x pe 0,2 p . Fig. 6 shows the evolution of the device as a function of d in the range from 0 to 2 p. It follows the border of the cylinder at height f s 1 pr2. The projection over the complex plane gives eigenstates which are always centered ellipses which respect to the coordinate axes. This combination is interesting because it represents the limit for a 90 degrees twisted nematic liquid crystal structure, when the device is in the adiabatic following approxima-Ž . w x tion or waveguiding limit 15 . Points verifying g s k p, where k is any positive integer, correspond to zeroes of the sinc function, and they occur always between maximum and minimum values of this function. They give points located at f s 0 or f s p, so that the device oper- 3 3 Ž . ates as a 90 degrees rotator see Fig. 4 . Their representative points lie exactly in the plane f s 1 Ž . pr2 . These points have been named as local adiabatic points, in analogy with the previous terminology of LCD's, and they have been used for the determination of the optical physical parameters of w x the display 16 .
Conclusions
A graphical representation for non-absorbing polarization devices has been presented. It takes the form of a solid cylinder with the base of radius equal to one, and a maximum height of p. The projection of the point representing the device over the base directly gives one of the eigenvectors of the Jones matrix represented in the complex plane. Several examples of well known devices have been presented. It has also been applied to a twisted nematic liquid crystal display. This is an example of electrooptical device, where the polarization properties depend on an external parameter, typically an applied voltage. For these electro-optical devices, the geometrical representation may be used to visualize the operation regimes of the display.
